Abstract. The purpose of this paper is to present a functional analytic framework of some natural topologies on a family of spectral structures on Hilbert spaces and to study the continuity of the spectral structures induced from the Laplacians on Riemannian manifolds and locally nite graphs. We also consider the spectral structures of metric spaces with Dirichlet forms.
We mean by a spectral structure on a Hilbert space a compatible set = (A; E; E; fT t g t 0 ; fR g >0 ) of an in nitesimal generator A, a closed symmetric bilinear form E, a spectral measure E, a strongly continuous contraction semigroup fT t g t>0 , and a strongly continuous resolvent fR g >0 on the Hilbert space. An important example of spectral structure is one whose generator is the Friedrichs extension of the Laplacian on a (not necessarily complete) Riemannian manifold. Let X be any locally compact Hausdor space and m any Radon measure on it. Denote by L 2 (X; m) the set of L 2 -functions with respect to m with L 2 -inner product ( ; ) L 2 (X;m) . Then, this is a separable real Hilbert space. Consider a family S of triples (X; m; ), where is any spectral structure on L 2 (X; m). In the rst part (x sec:top 2) of this paper, we introduce two natural topologies on S, called the strong and compact topologies (De nition defn:spectop 2.11). We actually de ne them on a family of spectral structures on general Hilbert spaces, so that our framework is valid on more general settings, such as for spectral structures on L 2 -di erential forms, L 2 -sections on vector bundles, and so on. The convergence of spectral structures with respect to the strong (compact) topology can be rephrased in terms of the symmetric bilinear forms, resolvent families, semigroups, and spectral measures respectively (Theorem thm:convspec 2.2). We prove the continuity (resp. lower semi-continuity) of the spectra of the generators associated with spectral structures with respect to the compact (resp. strong) topology (Proposition prop:semicontspec 2.3 and Theorem thm:cptspectra 2.3). Let us now mention some history. On a xed Hilbert space, there were some classical studies on convergence of spectral structures associated with the perturbation theory of linear operators (cf.
On the other hand, our method is much more general and does not need the integral kernels of the semigroups.
In the second part (x sec:mfd 3) of this paper, we apply the above functional analytic study on spectral structures to some sorts of shrinking, blowing-up, and degenerating sequences of Riemannian manifolds with their Laplacians. We introduce a new topology on the set of Riemannian manifolds, called the compact-Lipschitz topology (De nition defn:cptLiptop 3.1), for which the sequences of manifolds as above are all convergent. Here, we emphasize that the manifolds which we study in this paper may not be compact, even nor complete, in particular the Laplacians may have continuous spectra, though the earlier related studies are only in the case of discrete spectra, except some very restrictive cases. One of our main theorems (Theorem thm:Lip 3.1) states that if a sequence of Riemannian manifolds M i , i = 1; 2; : : : , compact-Lipschitz converges to a Riemannian manifold M whose end is almost polar, then the spectral structure associated with the Laplacian of M i strongly converges to that of M. Here, the almost polarity condition is almost equivalent to the negligibility of the boundary in the sense of Gf:form, Gf:special, Gf:Hilbert 13, 14, 15]. As a simple application to this theorem, we have an asymptotic estimate of spectral gaps of any Riemannian manifold (Corollary cor:specgap
3.2).
In the third part (x sec:graph 4), we study convergence of (locally nite) graphs. We see from the discussion in 2), results which are extensions of those due to KsKm:specconvII 19, 20] . We have an application to the spectral structures of noncompact complete Riemannian manifolds with a uniform lower bound of Ricci curvature. We prove that the relative compactness of the set of such spectral structures with respect to the strong spectral topology. We can also extend this de nition to the space of L 2 -di erential forms on manifolds, also to a space of L 2 -sections on vector bundles, and so on. By this reason, it is most convenient to generalize it to general Hilbert spaces and to forget base spaces. 
In fact, these are proved by an easy discussion. The closedness of E follows from the lower semi-continuity of E. This completes the proof.
Let E be a closed bilinear form on H and denote the domain by D( ). The net fE g 2A ?-converges to E if and only if the two following (F1) and (F2) we say that f g 2A strongly (resp. compactly) converges to . The strong (resp. compact) convergence induces a topology on the set of all spectral structures (resp. with compact resolvent) on H , 2 N, say the strong (resp. compact) spectral topology. For example, it follows that for u; v 2 H,Ê(u + iv) = E(u) + E(v), Ej H = E,Ê(u + iv) = Eu + iEv, andÊj H = E. This proves the following:
prop:realcpx Proposition 2.2. The following are all equivalent:
(1) ! strongly (resp. compactly).
(2)^ !^ strongly (resp. compactly). Then, the same discussion as above yields n 2, 2 = 2 , and that ' 2 strongly converges to a unit eigenvector ' 2 for 2 of A, by replacing with a subnet of A. Now, let a; b 2 0; 1 ) n (A) be two given numbers with a < b, and K 2 N a number with b < K . We repeat the above discussion up to k = k , k = 1; : : : ; K. It then follows that lim n (( a; b ] ) coincides with the number of k with a < k b, which converges to the number of k with a < k b, namely n (( a; b ] A Riemannian metric on a Lipschitz manifold with atlas f(U ; ' )g 2 is de ned to be a family of measurable Riemannian metrics g on ' (U ) R n for all 2 which satis es the two following conditions:
(1) the compatibility condition under chart transformations (' ' ?1 ) g = g a:e:
(2) for each 2 there exists a constant c 2 (
for any C 1 di erential 1-form ! on R n with compact support in ' (U ), where k k L 2 (R n ) and k k L 2 (g ) denote the L 2 -norms with respect to the Euclidean metric and g respectively. Note that (2) is required to de ne the L 2 -norm of di erential 1-form on the manifold. We also de ne a Lipschitz manifold with boundary in an ordinary manner.
Let M be a Lipschitz-Riemannian manifold (possibly with boundary), i.e., a Lipschitz manifold equipped with a Riemannian metric. Then, we have the distance function on M induced from the Riemannian metric (see DP:distLip 8] where ( a; b ) 0; 1 ) is any spectral gap, i.e., ( a; b ) \ ( M ) = ;.
Proof. As is seen in Example ex:magnify 3.1, the spectral structure (rM) strongly converges to (R n ). Therefore, Theorem thm:Lip 3.1 implies that ( rM ) = r ?2 ( M ) converges to (R n ) = 0; 1 ). This proves the corollary. ssec:degen 3.5. Degenerating Riemannian metrics. Let us next consider degenerating of metrics on a manifold. This is not as easy as shrinking and blowing-up. Let M be a smooth manifold and g a degenerate Riemannian metric on M, i.e., a positive semi-de nite smooth (0; 2)-tensor. Then, g induces a pseudo-distance function d g on M and the quotient space of M modulo the equivalence relation d g ( ; ) = 0 becomes a complete locally compact geodesic space, sayM g . Here, a geodesic space is a metric space any two points of which can be joined by a length minimizing curve. Denote by g : M !M g the projection.
The nondegenerate part, say M g , of g in M is an open subset of M and the degenerate part, say S g , of g in M is closed. We equip M g with the metric g, so that M g is isometrically embedded intoM g . With the notation as before, the end End Mg of the completion of M g is identi ed with the topological boundary @( g (S g )) of g (S g ) inM g . Assume that a net fg g of Riemannian metrics converges to g uniformly on compact sets on M. Then, it is easy to prove that (M; p; g ) converges to (M g For more concrete, we here put f(r) := r 2 and f k (r) := r 2 + 1=k. In this case,M g is isometric to the Euclidean cone over the union of two disjoint copies of N (see BGP 2] for the de nition of Euclidean cone). It should be remarked that S Mg (or S g ) is not necessarily almost polar as seen in the following: Example 3.3. Let f : R ! 0; 1 ) be a smooth function and let S := f (x; y) 2 R 2 j 0 y f(x) g. Then, there exists a smooth degenerate Riemannian metric g on R 2 such that Ker g = f v 2 T p R 2 j p 2 S and v is parallel to the y-axis g; where Ker g denotes the set of all v 2 TR 2 with g-norm jvj g = 0. We obtain S = S g , R 2 g = (R 2 n S; g), and S R 2 g = @S. Here, the set @S is not almost polar because the one-dimensional Hausdor measure of @S with respect to d g is positive.
Let us provide some sort of degenerate metrics with almost polar degenerate set in the following. for any coordinate x 2 R n of a point in ?1 (U) \ DN C and for any h = t (h 1 ; : : : ; h m ; 0; : : : ; 0) 2 R n with small Euclidean norm jhj, where we assume that R n is the set of column vectors. The above proves G const (U;') r 2 on ?1 (U); where`const (U;') ' is a constant depending only on the local chart (U; ') on N. Remarking that N is covered by nitely many local charts, we can estimate the area of the surface fr = tg.
We next prove: Here, covering N by nitely many local charts, we may replace const (U;') with a constant independent of (U; '). Using this and Claim Graph with simplicial metric. Let ? be a graph, which means a (not necessarily nite) simplicial complex of dimension 1. Denote by V ? and E ? the set of vertices (or 0-simplexes) and the set of edges (or 1-simplexes) respectively. We identify ? with the set of all simplexes, V ? tE ? . We give an orientation to ?, i.e., a direction on each edge. For e 2 E ? we de ne o(e); t(e) 2 V ? as the vertices so that e has positive direction from o(e) to t(e). Of course, o(?e) = t(e). Denote . Therefore, for any such fu g, f (u )g is uniformly bounded and then has a convergent subnet f (u )g. Since u L 2 -strongly converges to lim (u ), fE g is asymptotically compact.
Remarking that E is continuous on C(V ? ), we easily see (F1). 27 We next focus on in nite graphs. Let (?; m) Proof. The proposition is proved in the almost same way as in the proof of Theorem This convergence induces a topology on M, say the pointed measured Gromov-Hausdor topology, or the measured GH topology. Note that the measured GH topology is stronger than the GH topology and the generalized vague topology. The measured GH topology was rst introduced by Fukaya Proof. Let f(X ; p ; m )g 2A be a net of elements of M b such that (X ; p ) tends to some space (X; p) 2 Met with respect to the GH topology. It su ces to prove that there exists a Radon measure m on X with (X; p; m) 2 M b such that some subnet of f(X ; p ; m )g converges to (X; p; m) with respect to the measured GH topology. We shall perturb approximations f : (X ; p ) ! (X; p) to m -measurable approximations. In fact, we rst perturb them to satisfy that their images are discrete, which is easy to be done. We in addition perturb them to ones such that the preimage of each point in X is a Borel subset of X , which can be done by dividing X into disjoint Borel subsets of small diameters. Then, the perturbed approximations are m -measurable. We may thus assume that the approximations f are m -measurable. It is easy to see that for any r > 0 and 2 A, the restriction (f ) m j B(p;r) on B(p; r) of the push-forward through f of m is a Radon measure on X with total measure b(r + ) for some ! 0. Moreover, that converges to a Radon measure m r on B(p; r) with total measure b(r) and with the property that m r 0j B(p;r) = m r for any r 0 r > 0. Denote by m the inductive limit of m r as r ! 1.
It is then obvious that (X; p ; m ) converges to (X; p; m) with respect to the measured GH topology. This completes the proof. 
